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Useful formulas
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1. (6%,6%,6%) Show that

()

@ x%(é (X)) =-0(X), [Hint: use integration by parts.]

wheref (X) isassumed to have only

(b) 5(f(x))=25(§;‘_’*), simple zero, located at x = x.
| dx(’*)‘ [Hint: 5(kx)=ﬁ5(x)]

(c) Check Stokes' theorem for the function v = yz , using the triangular shown in the figure.

2. (4%, 4%, 4%, 4%) A metal sphere of radius R, carrying charge q, is surrounded by a thick
concentric metal shell (inner radius a, outer radius b). The shell carries no net charge.
(a) Find the surface charge density o at R, at a, and at b.
(b) Find the electric field at following two regions R<r<a and r>b.
(c) Find the potential at the center (r =0), using the infinity as the reference point.

(d) If the outer shell is grounded, what is the potential of the inner sphere and what is the new
surface charge density at b, o(b) ?

3. (4%, 4%, 8%) The potential of some configuration is given by the expression V(r) = Ae™* / r,
where A and A are constants.
(a) Find the energy density (energy per unit volume).
(b) Find the charge density o(r).
(c) Find thetotal charge Q (do it two different ways) and verify the divergence theorem.



4. (4%, 6%, 6%) An infinite long rectangular metal pipe (sides a and b) is grounded, but one end, at
x=0, is maintained a a specific potential as indicated in the figure, V(y,2)=
V,sin(2zy/ a)sin(3zz/b), where Vo is a constant. v
() Write down the boundary conditions. _P
(b) Write down the genera solutions. . I”ﬂ

(c) Find the potential inside the pipe. ri\’_’l- -
S

f__/ Vel

5. (6%, 6%, 6%) Suppose the potential at the surface of a sphere is specified, V(R,,8) =V,sin’*é,
where Ry is the radius of the sphere and V, is a constant. There is no charge inside or outside the
sphere.

(a) Show that the potential outside the sphere.

(b) Show that the electric field outside the sphere.

(c) Show that the potential inside the sphere.

[Hint: use Legendre polynomias, P,(x)=1, P(x)=x, and P,(x) = (3x*-1)/2 ]

6. (4%, 6%, 6%) A point charge q is situated at distance a from the center of a conducting sphere of
radius R. The sphere is maintained at the constant potential V.
(@ If V=0, find the position and value of the image charge.
(b) Find the electric field on the surface of the metal sphere.
(c) If V=V, find the potential outside the sphere.
[Hint: 1. use the notations shown below. 2. Assume q lays on the z-axis]
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-\ _3 [ 2ida_t _ 52
v=Yyz, VxvV=X, J'S(va)-da—J‘Sx’da—Ea.Za—a
(equals the area projected on the yz— plane)

q.D v-dl= IPMFMdhLImyZ planeyz-dl

_0+0+j y(——dy)——— = j(va) da = gS v-dl

0

2. Use Gauss'slaw

@ o(R=7—m o@=7 2,anol o(b) =3

4rb?
(b) Use Gaussslaw, weobtain E = 2 g > for both two regions, R<r <aandr >b.
e
r b R q 1 1 1
c) V(r)=—| E-dr. V(0)=V(R)=-| E-dr—| E-dr= 4=
(© V() =-[ E-dr. V(©)=V(R)=-[ E-dr—[ E-dr a5 RS

@ L1y ad om)-=0

(d) V(r)=—IaE-dr, V(R)=—IaE-dr=4ﬁgo ==
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(Ar +1)e

p=¢V-E=g,AV- r) = g, A(Ar +1)e e (V- L )+gOA V((Ar +)e™)

(v-iz):47z53(r) and (Ar +1)e 5% (r) = 5%(r)
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Q:jpdr ngA[4;z53(r) 2 ey = 47[80A[1+r_.‘0;|t’ &1 2]
]'2/1: r2dr = I e A%rdr =— J'/ird e :_x'[onex:_l = Q:'\[pdr:0
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Use Gauss's law, the charge enclosed in a sphere of radius R

Qr= ngOE -da=4rg,AAR+1)e*® =  Thetotal charge Q. ,, = 47,A(AR+1) -;,R‘ _0
S

4. (a)

() V=0wheny=0,

(i) V=0wheny=a,

(i) V=0whenz=0,
(iv)V=0whenz=h.

(V) V =V sin(2ryla)sin(3z z/b) when x =0,
(vi)V=0whenx=o0

(b)

V(X Y,2) = X(X)Y(Y)Z(2) 1 0°X 10 10°Z _

X X Yay zay

2
%Zy—zz—kz = Y(y)=Asinky+ Bcosky
2
%gfz_gz = Z(z)=Csin/z+Dcos/z
z
2
% %)z(zkz_%z — X(X) E\/ +/x fmx
X

V(% Y,7) = (Asinky + Bcosky)(Csin 2+ D cos¢z)(Ee™ ™ + Fe /¥ +/'x)
(©)



B.C.() = B=0
B.C.(ii) =sinka=0, k=" n=123,...
a

B.C.(iii) = D=0

. . mz
B.C.(iv) =sin/b=0, K:T m=123,...
B.C.(vi) = E=0
B.C.(v) = V(x,Y,2) = ZACEe V("2*’2)X5|n( y)sm(— 2)

V(@,y, z)=2cnms'n(;y)s'n(Tz)=vos'n(; y)s'n(gz)

N |ra . 21 . Nnr b . 37 .  mr
C =—21| sin(=y)sin(—vy)d sin(— z)sin(— z)dz
=2 a0 yyan yyay | [rsnE s ez
Cp=V,, C,,=0whenn=2andm==3
22 32

Vixy)=Ve Ve ’Xsm(%” y)sin(%” 2)

5. (a)

(i) V(R,,0)=V,sin* 6

Boundary condition {(ii) lim V(r,0) =0

General solution V(r,0) =Y (Ar' +B,r "“?)P (cost)
=0

B.C. (i) > A =0
B.C. (i) — B,R,'+BR?*cosd+B,R;*(2cos’ 0 — 1) =V, (1-cos’ §)

BoRgl_%BzR;;szvo Bo :%R)Vo

%BzR;g:_Vo =B, =0
B =0 BZ:—%RS\/O

. _ 2RV, 2RV,

SV (r,0) = ar 3 P, (cosé)

(b)

V(r,@):%—i\?(%osz@—l)

Eo-vw=_NMp 1NV {ZR’V RV 9 (3c0s? 0 - 1)} 1[ R’3\20(—60036?sin6?)(A)
or r oo 3r? r r 3r

_| 2RV, R§v0 (3cos’ —1)}?{%3:/0 (sinZG)}ﬁ

3r? r r
(©)



- [() V(R,0) =V, sin®6
Boundary condition {(ii) lim V(0,0)=0

General solution V(r,6) = i(Agr’“‘ +B,r )P, (cos0)

B.C. (i) > B, =0 -

B.C. (i) > A + AR cosd+ AR?(2cos’ §—1) =V, (L-cos’ 0)
A-IAR=Y%  [A=3Y
AR ="V, =7A=0
A=0 A =-5RY,

: N, A

=V(r,0) = 3 3R02r P, (cos®)

6.()

Assume the image charge ' is placed at adistance b from the center of the sphere.
It is equipotential on the surface of a grounded sphere.
Using two boundary conditions at B, and P,

Atp: 1 (% 9 .9
4zg, R-b a-R

two equations and two unknowns (q' and b)

atp; 29, 9 .9
4re, R+b a+R

2

b= % (position), (' = —g g(value of the image charge)

(b)

!

V()= 1 { q q }Where |r—b2|=\/(rzsin20+(rcose—b)2:\/(r2+2brcose—b2)
4rs, ||r—ba| |r-az |r—ai|=\/(rzsin2¢9+(rcose—a)2:\/(r2+2arc039—a2)’

On the surface of the metal sphere, only radial component survives E =-VV(r) = —aa—v?
r

!

-1 0 q q
= — +
4rs, OF | \J(r? - 2br cosf+b?)  /(r? —2ar cosf +a’)

1 g'(r —bcoséd) N g(r —acosé) s
4rg, | (r®—2br cos@+b?)*?  (r? —2ar cosd +a*)*?

(©
The potentia outside the sphere when V=0

r

' 2

V(r)= 1 qA+ qA ,Whereb:iandq’:—Bq
4z, |[r—bz| |r—az a a

The potential outside the sphere when V=V,

V(r)= 1 47rgORV0+ q L9
4re, r |r—bi| |r—ai|




